
Lecture Towards modern codingtheory LDPCcodes

In the lectures that follow we shall work towards an expositionof codes

that are good over the point to point communicationmodel wehad

seen earlier

some.me sEncoqcodeord agI3Bfeit DecoderEstit

We had earlier seenthe MLMAPdecoder andusedits equivalenceto

minimum distance decoding overtheBSC to inform design criteria

good codes smallminimumdistance andhighrate forthe construction

of algebrain codes

Although some algebraic codes admit efficient implementationsof ML

decoding the problem ofML decoding is in general computationally very
expensive naively search over all 2ⁿᵈ codewords

Coding
theorists hence turned to other codes that arenot necessarily

rooted inthe algebrail machinery we've seen but which exhibit provably

good performance via efficient decoders thatcouldbesuboptimal

compared to ML



A quick historical perspective Lecture Advanced Channel Coding Henry
PfisterDale

1945 Hamming works with ECCforcomputers

1948 Shannon's work A MathematicalTheoryof Communication
1955 Elias publishes firstpaperon convolutional codes

1960 Reed Solomon dodes

1963 Gallager introduces LDPC codes anditerative decoding inhis

PhD thesis

1993 Benon et al propose tubo codes thatrevolutionize coding

1995 Mackayand Neal rediscoverLDPC codes

2001 TJ Richardson and R Urbanke introduce densityevolutionto

optimize LDPC codes

2009 Arkan introduces polarcodes that deterministically achieve

the capacity of memoryless symmetric channels

2017 Kudekar et al provethat ReedMullercodes achievethe
RM

capacity of erasure channels

2023 E Abbe andCSandonprovethat RMcodes achieve capacity on

all symmetric channels seealso 2024 ReevesandH Pfister

provethatRMcodes achieve vanishing bit enor probability on

symmetri channels forallrates below capacity



In what follows we shall first describea classof low density paritycheck

LDPC codes and describe an iterative decoding algorithm forsuch
codes We shallthen discuss the rationale behindthe decoding

algorithm which is rooted in the designof more general message passing

algorithms on probabilistic graphical models

Fix an m n k n binary parity checkmatrixH

Def 1 The Tanner graph of an mxn binaryparity checkmatrix H is

a bipartite graph with one vertex foreach codesymbolvariablenode

and one vertex foreach parity check checknode factornode

Formally theTanner graph by VV C E with

b n C 1 m and

E i j e ext Hij to

We firsttake a lookat a specific LDPC code ensemble

Def2Regular CodeEnsemble We define R n I m tobe the regular LDPCcode

ensemble for NEMIN defined as follows First n variablenodes are

initialized eachwith l half edges thehalfedges are labelledfrom 1 tone

Next I checknodes are initialized eachwith a halfedges Finally
the half edges are attached via a uniformly randompermutation on



nd elements

If there are multiple edges collapse themas follows if anoddnumberof
edges connect a variable node to a checknode replacethemwithasingle

edge else all even no of edges are removed

Remarks

i There exists a bijection bw Tanner graphs and 0 1 matrices whichcanbe

viewed as paritycheckmatricesH

Ii LDPC codes from a regularensembleor otherwise are sparse i.e

their parity checkmatrixhas very few 1s Notethatinthe construction

above each row of H induced is designed tohave exactly a 1s

Iii The parameters n I s are only design parameters sincethe actual

node degrees will vary
basedon edgecollapses

Example Consider the graph with n 6 variablenodes m 3 checknodes
and 1 2 with ns.t.me nd i e 9 4

chedges

Q

y CT Random

effigy
C



We now take a look at a specific regular LDPC code ensemble

Galleyer's ensemble

We now describe a specifi classofLDPCcodes with a fixed parity check

matrix structure

Let Qnta.FI th'in
L 111 111

We define Has

H

it
forsome fixed integer l where P Pe are uniformlyrandom

permutation matrices chosen independently

as above

Programming exercise Construct a matrix H
024 2048 for thecase

when

inparts r 32

thinkabout howyouwould constructthe
permutation matrices P Pe

Initialize a graph datastructure canbe represented via a

suitable
away adjacencymatrix too with 2048 variablenodes

and 1024 checknodes correspondingtoH



HI Consider the parity check matrix

H

f0 1 1 1 1 0 0

0 0 0 1 0 0

0 0 0 0 1 1 0

0000 1

Draw the Tanner graphlycorresponding toH

i whatisthedesigned code rate

II whatisthe lengthofthe smallestcycle in ly
met

iii whatis the
lengthofthelongffle inly

shd.beto

We now briefly take a lookat a simple decodingalgorithm thepeeling

decoder forLDPC codes over the binary easivechannel BEC

Recallthat the channelmodelis

EYE t t Penta

The decoder was first introducedin Luby Mitzenmacher Shokrollehi Spielman
2001 EfficientErasure CorrectingCodes



Peeling decoder G
o Initialize variables in to and y ym to 0

1 Foreach non eased codesymbol cj set Cj Cj neighbourset

2 If a degree 1 checknode i set theunique Eje N i to yi

3 If ly contains a variablenode Ej
a for all ie N j update yie yi Is
b Set v v j E El i j ie N j
c Go to Step 2

4 Return

Wesaythat decodingis successful if and unsuccessful otherwise

Programming exercise Simulate the performanceofthe peeling decoder

for a uniformly random codeword drawnfrom the 7,4 Hammingcode

transmitted over the BEC E for varying E e 0.1 0.9

Use H as the parity checkmatrixof

the code and perform 100simulations uniformly randomcodeword random

erasures foreach valueof



Plot the probability of enor Pe Immunfflodytrialsae vs E



Lecture Peeling decoder Contd and an introductiontomessagepassing decoding

Recallthe definition ofthe peeling decoder from lasttime We now present a
boundon its performance via the ideaofusing stoppingsets

Def 1 stoppingset A stoppingset ss S U is a collectionofvariable

nodes whose induced subgraph has no checknodes withdegree1

By definition we let the empty set be a ss

Remark Let supp denote the supportof a codeword inthecodeof

interest In order to satify theparity checkequations all

checknodes in N supp mustbeconnected at leasttwicetovariable

nodes insupp 1 Hence supp forany codeword is a stoppingset

Stopping sets have the followingproperties

Proposition If S and I are ss then so is S V12
2 Each subset W U has a unique maximal ss

3 If WEV isthe collectionof erased variablenodes thenthe

peeling decoder renovers thevalueof all variablenodesexcept thosein

the uniquemaximal ss in W



Proof

1 Note that if i e N S US then it NCS or ien S2

implyingthat i is connected at least twiceto nodesin US

2 Define Z tobe the union of all ss contained in W by i it

follows that Z is the uniquemaximalss inW as any ss in W is
contained

in Z

3 Note that since Z Z W is a ss thevariablenodesinW will

notbe revered by the peeling decoder Further any T WIZ

is suchthat T U Z is not a s s and will be recoveredinpart

by onestepofthe peeling deloder D

Def A ss in minimal ifthe only ss it contains besides itself is theempty
set

Fora given code I with afixed parity checkmetrixH thatdefinesatanner

graph let Ass h denote the numberofminimal stoppingsetsof

cardinality L Now over a BEE note that the feeling decoderis

unsuccessful atdeloding from theerasures introduced atsome_set y U

onlyif I contains some minimalss why

Hence it follows that
Pe Pen

puling
E Ass h th


