
Remark The iodewords of RM mr are thusthe evaluationoff deg f r

at all points ofthe hypercube 0,13m taken insome fixedorder

Anatural ordering of pointsofthe hypercube is the lexicographicorder

000 000 000 00 000 610 000 1,7
i

The following properties thushold

o RM me is a linearcode er m why

Ii Theblocklength ofRM m r forany me
o m is n 2m

ii dim RM min M since the monomialsofdegree
i is exactly mi thy Howdoesthis giverise to thedimension

iii dmin RM mm 2m 9

We now prove Property i above Observethat any polynomial
x

canbe decomposed as

f x Xm g x Xm i Xm h x xm i

Thus
any

iodeword Eval f ordered inthelexicographi order

is suchthat c where

4 Evalg E RM m 1 a

and Evalg Eval h with Eval h RM m 1,9 1



This observation is calledthe Plotkin decomposition ofRMcodes

Lemma 2 Wehave that ERM m r issuchthat 1 1 1

where I ERM m 1 a and I RM m 1,9 1

Proofof Property iii We prove thisby induction on m and a The

base case m 0 and r 0 is
easyto establish Now assumethat the

property holds for in m 1 and all u m 1 Weneedtoshowthat

it holds at ñ m and atorder u

In particular weneedto show that when IE RM m 1 a and

IE RM m 1 M 1 wehave W 1 W 1 4 2m9 when I I

are not both all zeros

a supposethat I Q Clearly then WH e WH 1 1

2Wh 1 2 2m1 9 2m

b Supposethat I Q Then



Lecture Decoding RMCodes and ListDecoding

Last time we discussed the RM family ofcodes and its basicproperties

We shall now take a look at a deloder forRM codes thatcan correctupto

dmI errors Reed's decoder

Wefirst make some observations aboutthe structureof RMcodewords Fora

given subset SE m let 5 denote 1m31s and let

Vs Ze 0,13m Zi 0 ie57
be the vector space why that consists of points orcoordinates Z

that are 0 outside S Clearly dim Vs IS and there are hence

2m 1ˢᵗ cosets vs 1 of Us

Now notethat forany S m andany
be 0,13m we alwayshave

Σ Evale Xs 1 1

ZEVg.tk

To see whyC istrue notethat Evalz xs 1 iff Zi 1 ties which
happens at exactly one point Vs 1

Furthermore we have for all T IS
Σ EvalExt 0 2

ZEVstb



To see 2 note that since TIS there exists it SIT with

Z 0 or Zi 1 not affecting Evalz Xt

Let f x nm Eggs be sit Eval f e RM min

Reed's algorithm uses properties 1 2 to first decode as forS
s t.IS M andthen age fr 1511 9 1 and so on

Let y yz Z e10,15 bethereceivedsequence when

Evalf is corrupted by doin 2m 1 1 errors

GERM mis

JEEallf

claim We have that MAJCE as for Isler
In otherwords taking a majority vote among EYE 1 0.13m

yields as

Proof Suppose firstthat y Eval f In this case we have

that for any b 0,13m

IEEE EEEE't IT EITE Xt



Notethat from1 and 2 wehaveEffalz x I iff S T

Hence Eh 12 as be 0,13m

Now if there are atmost 2ⁿᵈ enors in y then at most

2m11 cosets Vs I will besuch that

Ecutt as why

Hence taking a majority vote MAJ Eg12 yields as

Now after decoding as forall ss.t.IS M Reed's algorithm

obtains

y Eval

yielding a new noisy sequence y that can
be seen as a corrupted

versionof a codeword ERM m r 1 Thealgorithm thenappliesthe

same procedure as outlined in claim 1 aboveto decode as for s s t

151 9 1 and so on

Remark Each step ofmajority voting iscarried out on atmost2m n

cosets and there are at most 1ms 2m n monomials



of any fixed degree Thus Reed's algorithm works in

poly n time

Further addenda

Westudied the familyofRS codes which we learnt weregoodsince

they achievethe Singleton bound i e are MaximumDistanceSeparableMDS

codes In otherwords RScodes havethe highest enor correcting capability

for ereous introduced in an adversarial manner i.e whenthere is abound

t E on the oferrors a channel can introduce

Adversarial Hammingmodel
EC Eats 7 oferrors

In contrast wehave the stochastic information theoretic Shannonmodelfor
errors

n
Beth

y

Notethat on average one expectstosee t mors iny why RM

codes onthe otherhand are provably good for theabove
stochasticnoise

channel i.e RMcodes achieve thecapacity Reeves Pfister 2023

Abbe Sandon 2023 of the channelabove when limt I 10,1



Note however that whiletherelative distance Sof RS codes ofpositiverateRC

positive if R lip Elo then 8 himof him net o the

relative distance ofRM codes of positive rate is asympotially zero

To seewhy onemust knowthat the rate

R RM m r Er 2m

with him R RMm mm o iff Mm I m

Forsuch orders a my we have 8 him 271 0

Hence it is Not necessary for a lodetohavegood performance over adversarial

noise channels for it to performwell over stochasticnoise channels

List decoding An introduction

As seen above there appearstobe a gap betweenthe fundamental limits

of the adversarial and stochastic noise channels Moreprecisely we make

the following observations

i Adversarial model ÉFoluatd
11 why

n n

R 1 2T



i Shannonmodel R 1 hp t Recall Shannon's theorem

I I for smallT

Thegoalof list decodingis to serve as a bridge betweenthe above fundamental

limits via the introductionof a new decoding paradigmwhere thedecoder

is allowed to output a smell list of candidate codewords Thedecoder

makes an even if the trueinput codeword is notpresent inthis list


