
Lecture Decoding RS codes and An Introduction toRM Codes

In thislecture we shall work towards a low complexity algorithm for

deloding RScodes While
any linear

code can be deloded via standard

away decoding whichisalso MAP over the BSC as seen earlier such a

delodig procedure hastime and space complexity thatis exponential inthe

blocklength n Our objective is to come upwith decoders thatwork in

time poly n

Interpolating RS codes from erasures

Recallthat themessage vector in IF ofan RScode is mapped tothepolynomial

f x motm x my x

and then evaluated at points 4 2n

Now supposethat upto t n k d 1 erasures occur in a iodeword ERS n k

Erasure decoding ofRS codes is hence equivalent to interpolating a polynomial

f x from its evaluations atthe uneased locations

FAI Any polynomial of degree K 1 is uniquelydeterminedby itsvalueat
93k points

HI Provethe above fact usingthe fundamental theoremofalgebra



Thenonstructionof f x given K evaluation since K positions areuneased

iscarried out using the interpolation polynomials pj x je k asfollows

Let 4 k bethe evaluationpoints coverpordingto uneased locationsThen

define

bilx III
Ficics

our interpolated polynomial is then f x Efcs pi x

Decoding RS codes from errors

We now discuss an algorithm for decoding an RS codeword from E
errors 1111

The following algorithm is due to Welch Beilekamp 1986 Let

y y yn bethe noisy receivedvector obtainedbycorrupting

i en with E enors Let E i yi fki bethe
setof moe locations unknown to thedecoder Wedefine

E x x di

tobe the error locator polynomial ofdegree 11 Notethat E x

hasthe property that ie n

Eki yi Eki fki why



Further definethe polynomial N x E x f x Hence thebivariate

polynomial

P x y E x Y N x

satifies Pki yi 0 ie n We use this observation toconstructa

deoding algorithm

Algorithm Welch Beilekampdeloder

Identify a non zero bivariate polynomial Q x Y thatsatisfies

Q x y E x Y N x forsome E x Ni x s.t

i deg E x ⁿ and

iii deg N x k 1

Ii Q x y o tie n

Return F X N

To prove that this decoder cancorrect 11 errors we needtoshow

the following lemma

Lemma 1 i A non zero solution Q to step exists

I Any solution pair Glx N x tostep mustsatisfy

flx Nilx E x



Proof i Simplypick E x Ex and N x N X

I We define the polynomial R x E x f x N x Notethat

a deg rex 1 k 1 and

b R x has at least n 11 roots Toseethis notethat ie n

s t y flail we have R Xi 0 bythe definitionofQ x Y

Hence if n 11 71 K 1 wemusthavethat R x 0 why

which indeedholds Thus N x E x f x

Remark Step canbecarried out in poly n time since one simplyneedsto

solve a homogeneous systemof linearequations with thevariables being
the coefficients of N x G x

Reed Muller codes

We shall now discuss yetanother and possibly themostwidelystudiedin

recentyears familyof linearcodes based on polynomialevaluations the

Reed Muller RM familyofcodes Just as RS codes wereobtainedvia

evaluations of univariate polynomialsoffixed maximum degree over

points in afinite field the RM familyofcodes is obtained via the



ly

evaluations of multivariate polynomialsoffixed maximum degree

In particular weshallbeconcerned withthe familyofbinary RM nodes

obtained as evaluations of polynomials f x Xm X Xm

FACT Any polynomial f x xm in
variables

canbeuniquely

expressed as a sum over E of monomials oftheform Ixi
forsome SE m

Remark We donot need to tonsider monomials withvariablesraisedtoapowers

since x x over 112

Def 1 The degreeof a monomial is simply 151

Def2 The degree of a polynomial f x Xm Σ asXs where
SEEN

as 0,1 SE m is simply max 151 as 1 i e the

maximum degree of a monomial in its expansion

Def3 For a fixed order me 0 m the 9ᵗʰ order RM code is
obtained as

RM me

Eggge
deg famine


