
Lecture Linear Codes Contd and ExamplesThereof

In this lecture weshall continue with our studyofstructured linearcodesthat

are subspaces of forsome finitefield Ig and blocklengthn

We first revisit two simple codes we hadseen muchearlier

1 Repetitioncode Let 112 The repetitioncode CREPconsistsof

just two
codewords e 1 I

Notethat RFs an m1 n linearcode over E

I
singlepayycheckc.de Let F E The singleparity checkcode

is the collection

Csr a 0

Clint CSP is a linearcode with dim CSP n 1

Proof Linearity is easy
tocheck indeed pick sees andnotethat

G ECSP By a fact aboutsubspaces wehad seenearlier

if follows that CSPCis linear

Notealso that there are exactly2ⁿ codewords inCPS since
there are asmany sequencesofevenparity i.e the of1s in



whichis even Hence itfollowsthat dim CSP n 1 B

HI whatis dmin 15ᵗʰ

Def A generatormatrix G for an n k coded is a Kxnmatrix over

Fg whose rows form a basis forC i e

a It
g

where spang1 gs if
Remarks i Notethat tank G dim e

I Since there are likelytobeseveral bases for C therewillbe

severalgenerator matrices for C

We use generator matrices for encoding a messageto a codeword inthefollowing

way
An encoder forC is a 1 1 map from message vectors in IFg to

codewords El Since
every

codeword EEC canbeuniquely

expressed as Ek fi given G we definetheencodertobe

the mapping

1 mi Mk a G EFme.fi



Remark Note that since G is fullrank themapping above is 1 1 Specifically

EG e I forall generatormatrices G

Def A generator matrix G fora linear nodeC is systematic if it is

ofthe form
G I B

where I is the K k identitymatrix

Remarks i Via encoding using a systematicgeneratormatrixweobtainthat

a a B

fistksymbols ofthelodeword
constitutethemessageitself Therearecalled

informationsymbols

ii Notevery
codehas a systematic generatormatrix Indeed considerthe

code

i
Note that C is a 4 2 1 linearcode Thefirstsymbol is 0 in all

codewords hence a systematic generatormatrixfore



Def A parity checkmatrix H for an n k
g linear

code dis

an n k xn matrix over Fg suchthat nullspace H i.e

H E Q

Theout Given a generator matrixG and a parity checkmetrixH fora

linearcode I overFg wehave that

H GT

dzerosmatrix
i e HgT Q ieCK

Proof Since I nullspace H and sincegie ie K wehavethat

Hgi Q ie K

FACT Via the rank nullity them and the linear algebrainfactthat

abasisofa finitedimensionalvectorspace is a spanningset ofthesmallestsize weobtain

that the rows ofH are linearly independent i e thatHis fullrank

HI Supposethat IF and that G Ic B for a linearsodel

Obtain a parity checkmatrix fore



Example The 7,4 332 binary Hammingcode Considerthe loded with

parity checkmetrix

f
collofall non zero

vectors in1123as
columns butpermutedtomakethe
codesystematic

Hw Verify that dim e 4 and thatdoin k 3

Theorems Let H be a parity checkmatrix foran n K
g
lineaurode C

Then dmin t is the smallestinteger do suchthateverycollection

of d 1 columnsofH is linearly independent overFg

Proof Wewishto provethe statement that

dmin t is the smallestinteger do suchthatsome collection

of d columnsofH is linearly independent over g

If somecollof a cols ofH is linearly dependent then
codeword EC

of wt d doin e d

Further if d is the smallestsuchinteger thereexistto codewords inC

of wt ad doin e d B


