
Lefanft iWe shall infact show that thereexists a line lode that
satisfiesthe boundabove for sufficiently layen

To do so we shall as.inthe proofof Shannon's theoum use a

random ensemble of linearcodes Specifically pick a Kxn

generator matrix G with q M eachofwhoseentries is picked
aunif A

Notethat

Pelais fullrank LI I I FTtc qi
n

1 Iii
i Eff
1 for k ar 2 1

Hence Fro s t n no Gis fullrank with highprobability
Forsuch a G notethat I G Unit Fg for x Q and

further

Pewt LG d Gfullrank Voce
Thus via a union bound

REEE.tkEatatelvanee idea



Hence overell

Pef lin codewith y codewords and mindist d

qk.ua d1 1

if q in

ftp iq mii
Hence there exists a deterministic linearcode with M
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what isthe true rate distance tradeoff

open



Lecture More on codebounds

Recall the bounds we had seen earlier

i Hamming bound sphere packingbound

R 1 hg 8 2
ii Singleton bound R 1 J

Iii GV bound R 1 hg s

A Discussion

12Contrast these with Shannon's thoum viathe intuitive implication

e Beep wt e efnpcrn.nptc.fi w.h.li

HI Provethe implicationabove via an applicationofthe Chebyshev inquality

Hence with high probability thefractionof 1s ine is closeto p w hp
urls

Pick S I and consider a code withrelativedist atleast

fornsuff.by Then via Shannon's noisy codingtheorem wehave

that I can renover from enors from a BSCp w.h.pe solongas

the rate
R L 1 he 82 Hamming upperbound

Hence the adversarial channelmodel withexact codewordreovery is
velitatively more stringent thanthe Shannon model In what follows we will



arguethat the Hamming bound caninfact NOT beattained forsuff layes
values in the adversarialmodel

Plot
End_gv bound assetsthe existenceof codesofpositiverate if
The

Hamming bound doesNot ruleout codesofpositiverate for8 4

Weshall show that infact there doNOTexist codesof positiverate ifs
inthe Hamming adversarial model contrastthiswithShannon'sthoum

Theory For an n Mid blockcode over IFg wehave

M In for d βn

where β 1 1g forq 2 β

Asymptotic no Plotkinbound For 8 β wehave R 0

Proofofthm.tt let s Ee dual

i Note that Ss MCM 1 d

i Now inthe following away A



M

emn

when we pick a particular column

a let my be the occurrencesof je g
b The total occurrencesof it is M my

Hence thecontribution of this column to S isEpm M m

M.M I.my

MZImy
Underthe constraintthat Eng M thesummation mgisminimizedby

picking my Mlg je Iq Thus we obtainthat

MIM 1 d S M q.CMq nM β yielding

the statementofthe theorem

The Plotkin bound can beused to obtain an improved upperbound on

codesizes when SC too Let9 2

pthem.hn for an n Mid blocknode with dark we have

M d 2 24 2



Asymptotic for 8 12 wehave R 1 28

Proofofthm.si Let l n 2d 1 and let Sbethe firstlbositgy.gg

Foreach at 0,131 let Ca bethe subcodeoft consisting of
codewords with a inthe first l positions projected onto S

Each la is a puncturing ofC with blocklength n l 2d 1 Since

has min distance d so does each Ca Further byThem 1 we

seethat since
duffy

we musthave

leal 2d

Thus since 111 Egypal it followsthat lekd.at

tBHWExtendthe above theorem and proof to generalalphabets



Rate R

I
Fallitoundphere packingbound

GUbound
Plotkinbound

ftp.ygam.mnachievable

Effffeeffin d distances

Achievable

We are closing the gap b w whatisachievable whatisnot

Tidbit There hasbeen nextto no improvement on theasymptoticof
achievable rates overtheGV bound forthelast 70years

G 952 V 1957

Possibly an improvement definitive rate distancetradeoffwill
comefrom IIT Madras

Atmwff.EEtTYu bound oncodesizes MRRW bound
McEliece Rodemich Rumsey Welch

1977

Theorms MRRW for binary codes we havethat

R ha Mst



HWreadingL Readup on the Elias Bassalygo bound

HW Let A mid and A n d w respectively bethe largestsizesof

an n M d binary blockcode and an n Mid binaryblockrode

with each codeword having Hamming weight exactly w

Prove that Almid
Alright


