
Lecture 5 Vector spaces Contd and LinearCodes

Vector spaces a Refresher Contd

Recall the definition of a vectorspace V IF defined over a finite

field IF We shall now quickly go over some fundamental
vectorspaces

associated withmatrices

Proposition Let Hbe an mxn matrix over a field Then

I H Q

is a subspace of denoted as wellspace H

Proof We use the fact we hadencountered earlier itsuffices to

show that for 1 ER we musthave 2.12 ER for

any LEIF

This is easytoverify since H x 215 0

Defl Given vectors I ivm EV a vectorofthe form

4 I 21 hm Im

where 4 I jeCm is called a linear combination of um



HI Verify that the set

WE g 4 FIF Hjelm
is a subspaceofV Such a subspaceis denotedas

span V1 fm

Def For a Kxn matrix Gover IF with rows g ge the
vectorspace span g gk is calledthe rowspace ofG

Def Vectors I Im EV are linearly independent overthefieldIF

4 0 4 2 2m 0

The vectors are called linearly dependent otherwise

Examfle Given G

11
over 112 wehavethat

71192,93 are linearly independent over IR but linearlydependent

overIF2

Hence

span g1 gz.gs span 71.92



Def Given a matrix A over afield IF

rank A rank A max lin indef rowsofA

max lin indef colsofA
rank AT

Example The rank canbecomputed by bringing the matrixA to its

reduced row echelon form RREF

A rank 1 2

Deff Given a finite dimensional vectorspace V over afieldIF

a setof vectors thatis linearly independent over andspansVis

called a basis ofV

Example Considerthe vector space Fa a consistingof all polynomials

ofdegree d over

A basis forthis vector space isthecollectionof monomials
1 a a nd



FACTS

Let bi.kz bn be a basisof avectorspaceV Then
any

IEV canbeexpressed uniquely as a linearcombination of bn

All bases of a vector space havethe same size

Df6 following above The no ofelements inanybasis of a vectorspace

V over a field is called the dimensionofV denotedby

dim v dim v

FAI RankNullityTheorem Let Abe an mxn matrix over a fieldF Then

rank A nullity A n

where nullity A dim nullspace A and rank A

dimnowspace A

Linear codes

We now get introduced to an important familyof structuredcodes

linear codes In what follows we let Fg tobe a finitefieldwith

q elements

Deft A linear code I over is a subspace of where

n is calledthe blocklength of C



Def An n k d
g linear

code is a linearrodeover g of
blocklength n dimension dim C K and minimumdistance

dmin e d

Lemma 2 An n K g
linear code I has q codewords

Proof Exercise

Remark The rate of an n k linear rode over Ig is

R 1g In

Fora given vector IE Fg let w x W 1 non zerocoordinates ink

Hammingweight

Propositions For a linear code C wehave

dmin C II t
e

Proof Notethat

dmin e

If
die tie

by linearity

fige Wa E megg
we e
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