
Lecture6 Bounds on Code Parameters

In this lecture we shall take a look at how the parameters n Mid

of acode are relatedto one another

Crucially via such interrelationships weshall arriveat estimatesof
an answer to the fundamentalquestion we are chasing after

How doesthesizeofacode relateto its enor correcting capability
rate Idistance

Remark Notethat we are backtothesetting of adversarial errors i.e

the setting where thereis a bound onthe total oferrors as againstthe

setting of stochastic random errors

Adversarial errors Random errors

Hamming
model Shannonmodel

Recall the following definition

If 1 Blockcode An n Md blockcode is a subset C X with

IC Mand minimum distance doin C d



Recall that rate RE logI further we define

the relative distance of l tobe 8 d n

SphenPackingBounds upperbound onM

Imt For any n M d block rode over the alphabet IFg

we have
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Proof Fora code to have distance d we must havethat forG.EC
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Codes that meet the sphere packi boundwithequality are called

perfect codes

The sphere packing bound when

specialized to linear codes iscalled the Hamming bound

Remark Consider the trival sodes CF Fg and 1211 13g
For wehave that dmin G 1 and IC q leading

equality in the sphere packing bound

For withnodd wehave that dmin G n and 111 2 Now notethat
E

forthiscode Eg 7 9 1
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Hence M i q 1 2n achieving equality again in
thesphere packingbound

Recall the definition of an n kid linearcode

Corollary For an n k d
g
linear node I we musthavethat
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HI Verify that the 174,3 Hamming code meets theabovebound
withequality

FACT In fact there are only 4 familiesoflinear that are perfect for
all others the sphere packing bound isnot tight

These nodes are i therepetitioncode Ii aHammingcodeand

iv thebinary ternary Golaycode

Singletontound upperboundon M

Theme For
any n M d block rode over Ig wehave

d n Tlogy 1

Proof Set l FloggMT 1 suchthat gl M
Since there are M ql codewords some two codewords G EEC

mustagree onthe first l positions Hence

dmin R n l n FloggM7 1 Be

Corollary For an n k d
g
code I we have
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A linear codethat meets the Singletonbound is called a maximum distance

separable MDS code

HI Verify thatthe single paritycheck code over IE is an MDSnode

Gilbert Vanhamov Gv bound Lowerboundon M

ThemI There exists an n M d code suchthat
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Aside Via arguments similarto those donepreviously wehave
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Asymptotic n o

Sphere packing bound R 1 hg 82

Singleton bound R 1 8
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