
Lecture Mathematical detour Polynomials overfields and construction a

finite fields

Recall from Lectures3 and 4 the basics of groups fields andvectorspaces
In this lecture we shall focus on a specific vectorspace thespaceof
polynomials over a field offixed degree and use polynomials fromsuch a

space in order to construct fieldsof orderthat is a prime power

Let Ifn f a Elain aie IF Verify thatIFIn is
a vectorspace

i
determinate over IF

Further let IF n denotethecollection ofpolynomials ofdegree exactlyd
Multiplication of two polynomials f a f x II n is quitesimilarto

thatof polynomials over IR only thatnow all additionsof coefficients

are over IF

Example Let f a 22 4 3 and flu n 2 definedoverIFs
Then f n f a 22 4 3 2 2
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mod
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FACT Similar tothe settingofthe fieldsIp Aprime we have a

EuclideanDivision Algorithm for polynomials over IFG
EDA

Let f n g n e IF a Then poly division allows us tofind polynomials

q n r a E a with deg r n deg g n suchthat

f x q x g a r x Recallthe a qbtgg.fmg

Examples Let f a n 3 3 22 1 and g n 271 over IFs
Then
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The EDA for polynomials proceeds thesame way
asfor finitefields IFp

andhelpscompute the greatest common divisor gcd of polynomials fleftxrightgleftxright
inFn

highestdeg 10efficient

1Def1 The godof fleftxrightgleftxrightinFleftxright is
any monic polynomial

h u

suchthat

hleftxrightfleftxright and hleftxrightgleftxright
i

and formy other polynomial pleftxright that obeys 1 inplaceofhleftxright

wehave that hleftxrightfleftxright
We now illustrate the EDA for polynomials via an

example.ExampleSay we wish tofind thegodof fleftxrightx5x2x1 and gleftxright x6x4x21

beginmatrixx5x2x1fracx6x4x21xfracx6x2x3xx4x3x1x5x2x1x1fracx5x2xx4x41endmatrix

beginmatrixx41x3xx3xx4x3x1x1endmatrix7
fracx4x2x3x2x1fracx3xx21x3xxfracx3x0

Penultimateremainder

isthegod
x21
ended



viathe extendedEDA
Similarto the case withIp we can use theEDA to find polynomials

A

s n n E En suchthat given flu g n IF n wehave

gidfin g n s a f a t a flu 2

HI Forthe example above compute the polynomials s n n

Recall from Lecture4 that wemade use of an expressionsimilarto 2

above inorder to prove that Ip is a field forp prime

We next construct fields via polynomials by first defining an analogue

of prime numbers inthe setting of polynomials

Def2 A polynomial f n IF n is inducible if it cannotbe factored
as the product of two non constant polynomials i.e we cannot

have flu g n h a with deg g n deg f n

and deg h x deg flu

Example Over IF 112 the polynomials f a 7 1 f x x x 1

and f x 4 1 are irreducible



HI Verify that fin and f x areindeed irreducible overIE

FACT For
any

IF IF pprime and forany n 1 thereexists an

irreducible polynomial ofdegree n in n

FACT Any non zero polynomial in a canbeexpressed uniquely as a productofirreduciblepolyoneWeshall now use inducible polynomials to construct fields

Given a polynomial fin In let IFG fin denote the

collectionofpolynomials modulof n

Verify that we musthave a flu
d

a

We now endow thespace IF n flu with addition andmultiplication

operations moduloflu
moduloflu

Theout Cn f n F F is a field when fin is inducible
over II

Proof As in thecasewith showing that IFp withsuitable operations is a

field the only non trivial task isto showthat forany g x EIGIL
thereexists a multiplicative inverse g n Indeed notethat viathe

extended EDA since flu isirreducible we havethat

I gcdfin g n s a g n flu flu
forsome s x f x EIF a



Reducing modulo f n we obtain that

1 x mod fin g x

yielding that g
x x modfla

Example Let IF 1E and consider the field a a ai t.IE

Note that thisspace consists ofthe polynomials

1 n Rtl 22 at 1 at 2 1

Now let us attempt tofind the inverseofx in thisfield First we

shall
carry out the extendedEDA

EA R FINH ExtendedEDA
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