
Lecture Mathematical preliminaries and linear nodes

A quick intro of groups and fields

Def A group G is a set G and operation't thatobey

i For
any

a b E G we have a be G closure

i for
any

a b c E G wehave atb c at btc

Associativity

III an element OEGs.t.at 0 O a a a G

Existentitily

Iv Foreachelement aEG an element a EG sit

at f a a a 0
Existenyday

Remarks We willonly consider abelian groups G that are commutative

Eg Theset ofintegers I the setofreal IR thesetofrationalsunder under under Q

Q Canthese groups above be modified to alsobegroups
under the standard multiplication operation

HI i Prove that the inverse a of an element a andthe
identity element 0 are unique

ii Prove thatthe set
at G atg geGequals G itself



iii Consider a cyclic group G witha generator g EG
such that

any element at G can bewritten as

a

gtgtI.IT forsome K

Let n bethe smallest integer suchthat ng 0

Showthat g 2g 3g ng o equals G

Eg Given w e the set 1 w wt w is acyclicgroup
generatedby w under complexmultiplication

Def Order The orderofa group Git equal 161

Def subgroup A subgroup Sit of thegroup G is a group

with S E G

Eg 2 is a subgroupof Q which inturn is a subgroupof
IR

Def Coset Let S be a subgroup of Git

A coset or translate ofthegroup s it is a setof
theform

9 5
gts se 5

fosome ge G

Remark If ges then gts S



The 1 Two corsets are either disjoint or identical

Proof Consider cosets gits and gats for some g ge G

Supposethat g ges Then g egats andget gits why
Thus gits gats and gats gits giving rise to

gits gets

Else supposethat
g gets

Then if gits andgats
have
any

element h in common then h g.es and h goes
gigtes

Contradiction

The If S is a subgroupof a finite group G then 151 161
Lagrange'sThm

Lemmas All costs of S in G are ofthe same size
Proof HW discussion

Proofoffhms Putting together that and Lemmas we see thatsince

picture

c

G we musthave 1st 161

Stge



Example Considerthe
group In of integusmodulo n Provethatthisis a

group

Note that In 011,2 n i Let Sbe a cyclicsubgroup of In
with generator m i.e see HWabove S 0 m 2m c11m where

Km isthe least integer s t Km 0 modn i.e km is theLCM

of m and n K is also called the orderofm

We know that km
gym

lst k
fam.mg

Within 220 find subgroups of order and5

Def Euler totient function The Euler totient function IN IN

is suchthat d is the numberof integers relatively prime

to d

Emple In En let d n Consider the collection

Sd e ee iforsomelepuldtteletvels

Sd is the tollectionof elements oforder din In

Thenumber ofelements inthis dollection is 15dL Md
why

Since the coll's Sd decn d n are pairwise disjoint andtheir

union is n why we musthave

Info n

EAnd Gold
a generi

cyclic
group G



Def coset leader A coset leader representativeofa coset is any
element ofa coset

Remark O is a coset leader of a subgroup S G


