
Lte Mathematical preliminaries Fields and Vector spaces

Def Field A field is a tuple IF thatsatisfies

i IF is an abelian groupwith identity 0

ii F 0 is an abelian group

Iii For any a b c IF we have

a btc abt a c Distributive law

Examples a IR Q are fields

b The collection of integers modulo a prime p

Zp
modulop

modulof

forms a field why Prooffollows

In this course weshall work with Lite fields
Brief detom TheEuclidean Division Algorithm EDA

For given integers abEIN there exist integersq.ly
suchthat quotient

remainder
a qbtr

with a b We write a a modb

FACT The integers gin above are unique



Example 170 mod 15 5

The EDA helps compute the god oftwo integers via successivedivision

Example Computing gcd 328 24

24 8 FACT The penultimate before 0

712411 emainder is thegod

1612

The EDA can be extended yieldingthe extended EDA forcomputing

integers site such that

De g gcd a b s.at t b

Example Continuing from above we have

328 13.24 16

24 1 16 8

16 2.8 0

Unraveling this we get



8 24 1.16

24 1 328 13.24

014.24 01 328

We now prove the following theorem

The For ps2 being prime the tuple Zpit is a finitefield

of sizep

Proof Easy to verify that Ept is an abeliangroupwith identity
0

Easy to verify the distributive law

Easy to prove that 2pVo obeys allgroup properties
exceptexistence.t

Existence ofaninverse Fix at Epko Via theextended EDA

we have that s.tt 2 sit

1 s.at tp

By reducing bothsides modulop we obtainthat

a s mod f 1 i e

a s mod

HI In the prime field 237 compute the inverseof 15



Remark For a given field IF the collectionof non zeroelementsof
is written as

FACT Foranyfield
IF there exists an element αEIF sit

α ie 0 I I 1

Such an α is called a primitiveelement of IF

An important property ofa field is given inthe following lemma

Lenna No zerodivisors Let a b EIF Then if a b 0 then

wemusthave either a 0 or 6 0

Proof HW

Corollary The tuple Eg.tn is Not a field

Vector spaces a refusher
ᵗ
fld

Def A vectorspace v gr
scalarmultiplication

satisfies
utteraddition

i V is an abelian group with identity Q

c α I EV forall LEIF KEV
ii 2 B E β I α BEF KEV
Iv α β I α I B I α.BE andIEV



α I W 2 It α.W LEIF and I W EV

v 1 I D IEV where I is the multiplicative
identity in IF

Examples i IR R is a vectorspace

9in ait IR tie n

ii IE 112 is avectorspace Here I 2210
In general Fp Ipaie 0.19 iecn for primep

Iii The set of all polynomials
a aix aie d 0 integer

is such that IF n IF is a field

why Will become evident in awhile

Subspaces

Def A subspace W I ofa vectorspace V

is a vectorspace with WEV

Examples a Given the vectorspace IR twosubspaces are

i 13
ii a x at R forany fixed Q



b Given the vector space 113 twosubspacesare

i 013

II Q 13 foramy I Q

III 000 001 010 011

FACT W IF is a subspace of V iff
Δ α I E W

for all 1 IEW LEIF


