
Lecture8 Operations on Codes and Weight Enumerators

Inthis lecture weshall discuss how one can generate new linearcodes

old Several exercises ahead

Puncturingodein

Dfl Let C be an n k d g code
The punctured code isobtained

by deleting symbol i in every
codeword

If G is a generator matrixfor then a generator matrix Gti for
is obtained bydeletingtheithcolumn in G and removing

any possible repeatedrows

Theory For an n K d a coded

a If d l then C is an n 1 k d code where

d i
d 1 if C has a min wt lodeword with a non zer

ith coordinate and d d otherwise

b If d 1 then is an n 1 k i code where

K K andd 1 if I has no codeword ofwt 1 with non zero entry
coordinatei and K K 1 for k 1 and d 1 otherwise



Proof a If dsl and has a minut codeword with a non zero ithood

then after puncturing codewordin withwt d 1

If C has no min wt codewordwitha non zero ith roord

then all lodewords in 1
1 have weight d codeword

ofwt exactlyd

Moreover since dol no two rows in G are identical

thereby ensuring that 1 1 q

b Exercise

HI Let h be the 4,2 1 binary code with generatormatrix

a

Consider thecode 1
1

What areits parameters

Extendingoden

Df If l is an n kid q
code the extended code is

g k mn a a cn eland ci o



LoemiIf C is a binarycodethen it is an nH K d code where
d

f
d if d is even
dts O W

Proof Exercise

HX i Obtain a generatormatrix for1 using agivengeneratormatrixGfor
c

ii Argue that

fit
is a parity checkmatrix fr where H is a parity checkmate

iii Consider the lodel with generatormatrix

a

f
Provide a generatormatrix forthe code obtainedby firstpuncturing

thesecond coordinate then via an extension ontheleptordinate

Shorteningcodes

Let T n Given an Cn K d g codeC
consider



the set CT of codewords that are I inthe locations inT

Def3 The code It that isthe code I shortened onT is obtained

by puncturing T inthe coordinates int

The dimension ofa shortened code depends on ITI and its relationshi

with dmin et We shall not delve intogreaterdetail onthis for
more see Huffman VeraPless Thm 1.5.7

HWI Let h be an n k d q lode Arguethat any n d 1
coordinatesof

contains an informationset

Hint Consider a generatormatrix Gofe and pick any s coordinatesoff
giving rise tobe submatrix Gs If these coordinates do notcontainan
informationset then a lin combinationof rows ofG givingrisetoQ
obtain an upper bound and via s

HI Givencodes R kz withparameters n K id g
and ns.kidelq

respectively theirdirect sum is definedas

1,01 a eh see

Obtain generator and parity check matrices for k giventhat

Gi Hi repectively aregenerator parity checkmatricesforCi it 1,2



whatis the minimum distance of 40k

HI Let c be the binary code with generatormatrix

G
00 10

10 0 0

10 0 1 0

0 0 0

L o o o I

Via row operations arguethat C is a direct sum of twobinary
codes find generatormatrices forthesecodes

WeightDistributionsifadian

14 Let 1 be an n k d g linearcode We define for we o n

Aw EC wt e w

tobethe weightenumeratorof C attheweightw

The collection Ao A An is calledthe weightdistribution ofc

Notethat Ao 1 and Ai 0 for it 1 d 1

Weightenumerators of important code families are extensively studiedinthe

literature



Motivation forstudying weight enumerators

Error detection Supposethat a codeword of an n kid linearcode

I is transmitted over a BSCp Wedefinethe undetected error

probability as the average overcodewords probabilitythat the

received sequence is a codeword thatis differentfromthetransmitted

Codeword i e

Pud Er PLY E forsome

Ei E put.depydtttfee.ge

Ii Er ErAw proct
prew

An p tp

ML moe estimation Consider thesetting where a codeword El is transmitt

over a BSCp and decoded via the MAP ML decoder

FAT The probability of error underML decoding canbeboundedas

Peru E Aw Z b
where Zp 2H


