
Lecture Specialized Statistics TheExponential Mechanism and ThresholdQui

In this lecture weshall focus onthe dataanalysis taskof releasing a

statistic that canbe framed as the maximizer ofa certain reward utility

function Our objective is toargue thatthere exist E DP mechanisms

fine tuned to this task which incur small moe

Example Consider an election that we wishto conduct forchoosing the

chairman of a political outfit Clearly theNmembersofthe politicalparty

donot desire their votestobe leaked to others Call the databaseof
votes x Xn K our objective is to release an E DP

estimate of agrafx j x i f x



More generally consider the following data releasetask

There exists a dataset IE Dn and a collectionYofcandidateoutputs
The

goodness of any output yeyw.itthe
dataset is measuredvia

a score or utility function g YxDN IR

Ourobjective isto releasejey thatis an estimateof
ayymy fly x privately

Example In our previous example Y candidates and q s issuch

that g y 1 j xj y

Def1 We let Δg sep 1b q y gly denote the

sensitivity of g
The Exponential Mechanism EM

The EM simply returns

PEE

where Pei'd
etf.fi g yitret
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Theorem The EM is E DP

Proof Fix X We simply needtoshowthat Pq
y

et

To this end observe that 1 41 11
exp E o exp E

why

Moreover we have

Eif.fi ff of eaE.caie assn
why

exp E

Puttingthesetwo observations together completes theproof

Our next result bounds the utility of the EM

HI Argue that for our example above we have Aug 1



Let 9max 1 I may q y 1
Theorem 2 We have for any E Dw andany to that for

Yn PE

Pe q x x qmax x butyl t e
t

Proof Let gmax qmax x andgly yly Wewishtoshowthat

the collection

B y e y q y gmax 21 enly t

is s t P B et

Let y ey be an element with qly quax Then

Khy
PIB

Pff E Eg ff ff
IBI et et

thy

Remark For one specific example one can add Laplace noise toeach

count q y x j xj y i.e one can compute

fly x qly.cl Lab Ye
and release agmg.IE y.x Intuitively it is likely that



yy

mayfly 1
is close to ymax with enor at mostoled

This is a particular versionofthe ReportNoisyMax RNM mechanism

Can
you provide a heuristic explanationforthis Usethe propertiesofthe

Laplace distribution we encountered earlier

However there are other settings suchas releasing the optimalprice

ofan item in a single itemauction where naturalextensionsofthe
Laplace mechanism do notwork due to its propertyof producing

continuous valued outputs

Threshold Queries

We next move on to another important statistic for practical data

analysis the histogram ofdata samples Clearly sucha metastatistic

allows for the computationof other statistics e.g mean mode higher

moments ofinterest We assume thatthe datasamples have been

suitably quantized into finitely many bins or intervals

Thehistogram is only one ofseveral such metastatistics allofwhichcan
be computed from range

thresholdqueries



Formally consider a dataset x Xn E KIN


